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Abstract 

Some counterparts of theorems of Phragmen-Lindelof and of Ahlfors are 
proved for differential forms of WT-classes. 



1 WT- forms 

This paper is continuation of the earlier work [4], where the main topic was 
to examine the connection between quasiregular (qr) mappings and so called 
WT-classes of differential forms. We first recall some basic notation and 
terminology from [4]. 

Let Al be a Riemannian manifold of class C^, dimAl = n, with or 
without boundary, and let 

(1.1) w G Lfoc(Al), degw = k, < k < n, p > 1, 
be a weakly closed differential form on A4, i.e. for each form 

^ e Wl,^^{M), deg^ = k + l, - + - = 1, 

with a compact supp ip in Ai and such that supp ip fl dA4 = 0, we have 

J {w, Sip) dv = . 
M 

Here S(p = (—1)^ d-k ip, k = deg(p and is the orthogonal complement 
of a differential form a on a Riemannian manifold Ai. 

A weakly closed form w of the kind (1.1) is said to be of the class WTi 
on Al if there exists a weakly closed differential form 

(1.2) e e Ll^{M), dege = n-k, - + - = 1, 
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such that almost everywhere on M. we have 

(1.3) uo 1^1^ < {w,*e) 

for some constant z/q. 

The differential form (1.1) is said to be of the class W7^ on A4 if there 
exists a differential form (1.2) such that almost everywhere on A4 

(1.4) iyi\w\p< {w,*e) 

and 

(1.5) 1^1 < U2 \w\P-^ 
for some constants 1^1, 1^2 > 0. 

1.6. Theorem. WT2 C WTi. 

For a proof see [4] . 

The following partial integration formula for differential forms is useful 

[4]. 

1.7. Lemma. Let a e Wpi^^{M) and (3 G W^{M) be differential 
forms, dega + deg/3 = n — l,l/p+l/q = l, I < p, q < 00, and let (3 have 
a compact support supp P C M. Then 

(1.8) J daAp^i-lf'^''^' J aAdp. 

M M 

In particular, tlie form a is weakly closed if and only if da — a.e. on M.. 

Let A and B be Riemannian manifolds of dimensions dim^ = k, dimi3 = 
n — k, 1 < k < n, and with scalar products {,)a, {:)b, respectively. The 
Cartesian product J\f — A x B has the natural structure of a Riemannian 
manifold with the scalar product 

(,) = (, + 

We denote hj n : A x B ^ A and rj : A x B ^ B the natural projections of 
the manifold J\f onto submanifolds. 
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If wj^ and Wis are volume forms on A and B, respectively, then the differ- 
ential form w_\f = 7i*Wji A ri*Wi3 is a volume form on J\f. 

Let t/i, . . . , i/fc be an orthonormal system of coordinates in R'^, 1 < A; < n. 
Let ^ be a domain in R*^ and let B be an {n — /c) -dimensional Riemannian 
manifold. We consider the manifold — A x B. 



2 Boundary sets 

Below we introduce the notions of parabolic and hyperbolic type of boundary 
sets on noncompact Riemannian manifolds and study exhaustion functions 
of such sets. We also present some illuminating examples. 

Let A4 be an n-dimensional noncompact Riemannian manifold with- 
out boundary. Boundary sets on A4 are analogies to prime ends due to 
Caratheodory (cf. e.g. [16]). 

Let {Uk}, k = 1,2, .. . be a collection of open sets Uk C M. with the 
following properties: 

(i) for all A: = 1, 2, . . . Uk+i C Uk, 

oo 

(ii) n = 0. 

k=l 

A sequence with these properties will be called a chain on the manifold 

M. 

Let {Vik}, {Uj!} be two chains of open sets on M. We shall say that the 
chain U^. is contained in the chain {Uj!}, if for each m > 1 there exists a 
number k{m) such that for all k > k{m) we have U^. C U^. Two chains, each 
of which is contained in the other one, are called equivalent. Each equivalence 
class ^ of chains is called a boundary set of the manifold Ai. To define ^ it is 
enough to determine at least one representative in the equivalence class. If 
the boundary set ^ is defined by the chain {Uk}, then we shall write ^ x {Uk}- 

A sequence of points ruk G Ai converges to ^ if for some (and, therefore, 
all) chain {Uk} G C, the following condition is satisfied: for every k = 1,2, . . . 
there exists an integer n{k) such that m„ G Uk for all n > n(k). A sequence 
(m„) lies off a boundary set { x {Uk}, if for every A; = 1, 2, . . . there exists a 
number n{k) such that for all n > n{k) rUn ^ Uk- 
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A boundary set ^ x {Uk} is called a set of ends of the manifold A4 if each 
of {Uk} has a compact boundary dUk- If in addition each of the sets Uk is 
connected, then ^ x {Uk} is called an end of the manifold M.. 

2.1. Types of boundeiry sets . Let D be an open set on A4 and let 

A,B G Dhe closed subsets in D such that AnB Each triple {A, B; D) 
is called a condenser on A^. 

We fix p > 1. The p-capacity of the condenser {A, B; D) is defined by 

(2.2) capp(A, B- D) = inf j | V(/?r * 

where the infimum is taken over the set of all continuous functions of class 

Wpi^^{D) such that ip{m)\A = 0, ip{m)\B = 1. It is easy to see that for a pair 
{A, B; D) and (Ai, Bi] D) with Ai <Z A, Bi <Z B we have 

capp(Ai,Si;L>)<capp(AS;L'). 

Let A, B be compact 'm D. A standard approximation method shows 
that capp(A, B] D) does not change if one restricts the class of functions in 
the variational problem (2.2) to Lipschitz functions equal to and 1 in the 
sets A and B, respectively. 

Let {Uk} be an arbitrary chain on a manifold M.. We fix a subdomain 
H dd M.. If A: is sufficiently large, the intersection H ClUk = and we 
consider the condenser {H,Uk', .M)- Then it is clear that for A; = 1, 2, . . . 

capp(F,Z4; A1) > ceiPp(H,Uk+i;M). 

We shall say that the chain {Uk} on M. has p- capacity zero, if for every 
subdomain if CC Al we have 

(2.3) lim capJH, U^; M) = 0. 

fe— ►oo 

We shall say that a boundary set ^ is of p-parabolic type if every chain 
{Uk} X ,^ is of p-capacity zero. A boundary set ^ is of a- hyperbolic type if at 
least one of the chains {Uk} & ^ is not of p-parabolic type. 

Let 

{Wfc}r=i, UkdUk+u [X=,Uk = M 
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be an arbitrary exhaustion of the manifold Ai by subdomains {Uk}- The 
manifold Ai is of ]9-parabolic or ]9-hyperbolic type depending on the p- 
parabohcity or p-hyperboHcity of the boundary set {M \Uk}- 

It is well-known, sec [7], that a noncompact Riemannian manifold A4 
without boundary is of p-parabolic type if and only if every solution of the 
inequality 

div Mil^uf'^^u) > 

which is bounded from above is a constant. 

The classical parabolicity and hyperbolicity coincides with 2-parabolicity 
and 2-hyperbolicity, respectively. Therefore whenever we refer to parabolic 
or hyperbolic type (of a manifold or a boundary set) we mean 2-parabolicity 
or 2-hyperbolicity. 

2.4. Example. The space R" is of p-parabolic type for p > n and 
p-hyperbolic type for p < n. 

We next present a proposition that provides a convenient method of ver- 
ifying the p-parabolicity and p-hyperbolicity of boundary sets. 

2.5. Lemma [14]. Let ^ be a boundary set on Ai. If for a chain 
{Uk ^ i} and for a nonempty open set Hq GG Ai tie condition (2.3) liolds, 
then the boundary set ^ is of p-parabohc type. 



2.6. A-solutions . Let be a Riemannian manifold and let 

A : T{M) T{M) 

be a mapping defined a.e. on the tangent bundle T{A\). Suppose that for a.e. 
m & Ai the mapping A is continuous on the fiber T^, i.e. for a.e. m e 
the function A{m, •) : ^ G T^^ — > is defined and continuous; the mapping 
m — > Ajn{X) is measurable for all measurable vector fields X (see [6]). 
Suppose that for a.e. m & Ai and for all ^ e T^n the inequalities 

(2.7) v^\iY<{i,A{m,i)), 



and 
(2.8) 



iA(m,oi <^2ier' 
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hold with p > 1 and for some constants i^i, 1^2 > 0. It is clear that we have 

We consider the equation 

(2.9) div yl(m, V/) = 0. 

Solutions to (2.9) are understood in the weak sense, that is, ^-solutions are 
H^p_;(,^-functions satisfying the integral identity 

(2.10) j{V9,A{m,Vf))*lM^0 

M 

for all 9 e Wp{M.) with a compact support theta C M. 

A function / in Wp i^^{M) is a A-subsolution of (2.9) in M if 

(2.11) divA(m,V/)>0 
weakly in M., i.e. 

(2.12) l{V9,A{m,Vf))*lM<0 

M 

whenever 9 e Wp{Ai), is nonnegative with compact support in A4. 
A basic example of such an equation is the p-Laplace equation 

(2.13) div(|V/rM) = 0. 



3 Exhaustion functions 

Below we introduce exhaustion and special exhaustion functions on Rieman- 
nian manifolds and give illustrating examples. 

3.1. Exhaustion functions of boundary sets . Let h : Ai ^ 

(0, ho), < /io < 00, be a locally Lipschitz function. For arbitrary t e (0, ho) 
we denote by 

Bh{t) = {meM: h{m) < t}, Eh{t) = {m e M : h{m) = t} 
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the /i-balls and /i-spheres, respectively. 

Let /i : — > R be a locally Lipschitz function such that: there exists a 
compact K C A4 such that \Vh{x)\ > for a.e. m E A4 \ K. We say that 
the function h is an exhaustion function for a boundary set S of if for an 
arbitrary sequence of points e A4, k — 1,2, . . . the function h{m.k) — > ho 
if and only if rrik 

It is easy to see that this requirement is satisfied if and only if for an 
arbitrary increasing sequence ti < ^2 < ■ ■ ■ < the sequence of the open 
sets Vk — {m e M. : h{m) > tk} is a chain, defining a boundary set ^. Thus 
the function h exhausts the boundary set ^ in the traditional sense of the 
word. 

The function h : Ai ^ {0, ho) is called the exhaustion function of the 
manifold Ai if the following two conditions arc satisfied 

(i) for all t e (0, ^o) the /i-ball Bh{t) is compact; 

(ii) for every sequence ti < t2 < ■ ■ ■ < ho with limfe_>oo^fe = ho, the 
sequence of /i-balls {Bh{tk)} generates an exhaustion of A4, i.e. 

Bhih) C Bh{t2) C . . . C Bhih) C . . . and B^itk) = M. 

3.2. Example. Let be a Riemannian manifold. We set /i(m) = 
dist(m, mo) where mo G is a fixed point. Because |V/i(m)| = 1 almost 
everywhere on M., the function h defines an exhaustion function of the man- 
ifold M. 



3.3. Special exhaustion functions . Let be a noncompact 
Riemannian manifold with the boundary dAi (possibly empty). Let A satisfy 
(2.7) and (2.8) and let h : M ^ (0, ho) be an exhaustion function, satisfying 
the following conditions: 

ai) there is h' > such that h''^{[0, h']) is compact and /i is a solution of 
(2.9) in the open set h~^{{h', ho)); 

02) for a.e. ti, t2 G (h',ho), ti < t2, 

I A{x,Vh))dn''-'= I A{x,Vh))dn''-\ 
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Here d7i"^~^ is the element of the (n — 1)— dimensional Hausdorff measure 
on E^. Exhaustion functions with these properties will be called the special 
exhaustion functions of M. with respect to A. In most cases the mapping A 
will be the p— Laplace operator (2.13). 

Since the unit vector u = V/?-/|V/i| is orthogonal to the /i-sphere S/j, 
the condition 02) means that the flux of the vector field A{m, V/i) through 
/i-spheres T,fi{t) is constant. 

Suppose that the function A{m,^) is continuously differentiahle. If 

bi) h e C^{A4 \ K) and satisfies equation (2.9), and 

62) at every point m & A4 where dAi has a tangent plane T^{dA4) the 
condition 

{A{m,Vh{m)),u) = 

is satisfied where u is a unit vector of the inner normal to the boundary dAi, 
then h is a special exhaustion function of the manifold Ai. 

The proof of this statement is simple. Consider the open set 

M(ti, t2) ^ {m e M :ti < h(m) < t^}, < ti < t2 < 00, 

with the boundary dA4{ti,t2). Using the Stokes formula, we have for non- 
critical values ti < t2 (for the definition of critical values of C'^-functions see, 
for example, [2, Part II, Chapter 2, §10]) 



r \/h r V/? 

j {r^,Aim,Vh))dn--'- J {—-,Aim,Vh))dH 





■n-l 



ax(ti,t2)uui=i,2S^(ti) 



dM{ti,t2) 




M(tl,t2) 

and 02) follows. 

3.4. Example. We fix an integer k, 1 <k <n, and set 
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It is easy to see that |V(ifc(a;)| = 1 everywhere in R** \ Eq where Eq = {x G 
W : dk{x) = 0}. We shall call the set 

Bk{t) = {x e R" : dk{x) < t} 

a /c-ball and the set 

Efe(t) = {a; e R" : dk{x) = t} 

a /c-sphere in R". 

We shall say that an unbounded domain D C R" is fc-admissible if for 
each t > infa.g£) dk{x) the set D fl Bk{t) has compact closure. 

It is clear that every unbounded domain D C R" is n-admissible. In the 
general case the domain D is /c-admissible if and only if the function dk{x) 
is an exhaustion function of D. It is not difficult to see that if a domain 
D C R** is /c-admissible, then it is /-admissible for all k < I < n. 

Fix 1 < k < n. Let A be a bounded domain in the {n — A;)-plane 
xi — . . . — Xk — and let 

D = {x = {xi,...,Xk, Xk+u ...,XneW: {xk+i, . . . , e A} 

be a closed domain in R". 

The domain D is A;-admissible. The fc-sphcrcs Efc(t) arc orthogonal to the 
boundary dD and therefore {Vdk, u) = everywhere on the boundary. The 
function 

f log4(a;), p = k, 

^^^^ = \dt'^/^-'^{x), p^k, 

is a special exhaustion function of the domain D. Therefore for p > k the 
domain D is of p-parabolic type and for p < A; p-hyperbolic type. 

3.5. Example. Fix 1 < k < n. Let A be a bounded domain in the 
plane xi = . . . = Xk = with a piccewise smooth boundary and let 

(3.6) D = {x = (xi,...,x„) eR": (a;fc+i,...,x„) e AI^R^-'^x A 

be the cylinder domain with base A. 

The domain D is fc-admissible. The /c-spheres Efc(i) are orthogonal to 
the boundary dD and therefore {Vdk, p) — everywhere on the boundary, 
where dk is as in Example 3.4. 
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Let h = 4>{dk) where is a C^— function. We have V/i = 4>' Vdk and 



i=\ ^-^i i=l 

= (n-l) 

dk 



Prom the equation 

(n-1) 0" + ^0' = O 
we conclude that the function 

n — k 

(3.7) h{x) = {dk(x))^ 

satisfies the equation (2.13) in D \ K and thus it is a special exhaustion 
function of the domain D. 

3.8. Example. Let (r, 9), where r > 0, ^ e S'^~^{1), be the spherical 

coordinates in i?". Let U C ^""^(l), dU ^ 0, be an arbitrary domain on the 
unit sphere 5'"~^(1). We fix < ri < oo and consider the domain 

(3.9) D = {(r, ^) e i?" : ri < r < oo, e e [/}. 

As above it is easy to verify that the given domain is n-admissible and the 
function 

(3.10) /,(|a;|)=logM 

r-i 

is a special exhaustion function of the domain D lor p — n. 

3.11. Example. Fix 1 < n < p. Let Xi,X2, . . . ^ x„ be an orthonormal 
system of coordinates in R", 1 < n < p. Let D C R" be an unbounded 
domain with piecewise smooth boundary and let B be an {p — n)-dimensional 
compact Riemannian manifold with or without boundary. We consider the 
manifold M — D x B. 

We denote by a; G 6 G and (x, 6) G the points of the corre- 
sponding manifolds. Let tt : D x B ^ D and rj : D x B ^ B he the natural 
projections of the manifold Ai. 
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Assume now that the function /i is a function on the domain D satisfying 
the conditions bi), 62) and the equation (2.13). We consider the function 
h* ^ hon : M ^ {0,00). 

We have 

V/i* = V(/i0 7r) = {W^h)on 

and 

div {\Vh*\P-^Vh*) = div (|V(/i o 7i)\P-^V{h o tt)) 

= div (I V./^r-^ o n{V.h) on) = {Yl a^d^-^l'^'a^)) ° 
Because /i is a special exhaustion function of D we have 

dw{\Vh*\P-^Vh*) =0. 

Let (x, 6) G (9A^ be an arbitrary point where the boundary dAi has a 
tangent hyperplane and let z/ be a unit normal vector to dA4. 

If X G dD, then u = ui + 1/2 where the vector ui G R'^ is orthogonal to 
dD and U2 is a vector from Tb(B). Thus 

(V/i*,i/) = ((V,/i)o7r,i/i) = 0, 

because /i is a special exhaustion function on D and satisfies the property 
62) on 9D. If 6 G dB, then the vector i/ is orthogonal to dB x R" and 

{Vh*,u) = ((V./l) O TT, Z/) = 0, 

because the vector (Vxh) o vr is parallel to R". 

The other requirements for a special exhaustion function for the manifold 
are easy to verify. 
Therefore, the function 

(3.12) h* = h*{x,b) = ho n : M ^ {0, 00) 

is a special exhaustion function on the manifold M. — D x B. 

3.13. Example. Let .4. be a compact Riemannian manifold, dim^ = 
k, with piecewise smooth boundary or without boundary. We consider the 
Cartesian product = A x R", n > 1. We denote by a G ^, a; G R" and 



February 2, 2008 



12 



(a, x) E Ai the points of the corresponding spaces. It is easy to see that the 
function 

'log|a;|, p = 



h{a, x) 



is a special exhaustion function for the manifold Ai. Therefore, for p > n 
the given manifold is of p-parabolic type and for p < n p-hyperbolic type. 

3.14. Example. Let (r, 6), where r > 0, ^ G S"'~^{1), be the spherical 
coordinates in R". Let U C S"^^{1) be an arbitrary domain on the unit 
sphere S'"~^(l). We fix < ri < r2 < oo and consider the domain 

D = {(r, ^) e R'' : ri < r < r2, 6 e U} 

with the metric 

(3.15) dsl^ = a'^{r)dr^ + p'^{r)dll 

where a{r), (5{r) > are C'^-functions on [ri,r2) and dl^ is an element of 
length on S'"-^(l). 

The manifold Ai = {D,ds\^) is a warped Riemannian product. In the 
case a{r) = 1, P{r) = 1, and U = 5"^^ the manifold A4 is isometric to a 
cyhnder in R"+^. In the case a{r) = 1, /3(r) = r, U — S'^~^ the manifold M. 
is a spherical annulus in R". 

The volume element in the metric (3.15) is given by the expression 

daM = a(r) /3"-^(r) drdS^'-^l). 
If (f){r, 9) e C^(D), then the length of the gradient V0 in M. takes the form 

iwr = ^(0;)'+^iv,0r, 

where Ve)0 is the gradient in the metric of the unit sphere S"'^^{1). 

For the special exhaustion function h{r,9) = h{r) the equation (2.13) 
reduces to the following form 

d f / 1 \p-i 



dr \^a{r) 
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Solutions of this equation are the functions 

r , , 

h{r) = C, ( -^^dt + C2 



where Ci and C2 are constants. 

Because the function h satisfies obviously the boundary condition 0)2 as 
well as the other conditions of (3.3), we see that under the assumption 

(3.16) l^^dt^ 00 
the function 

T 

(3.17) h{r)=f^^dt 



ri 



(5—^{t) 

is a special exhaustion function on the manifold Ai. 



3.18. Theorem. Let /i : — > (0, ho) he a special exhaustion function 
of a boundary set ^ of the manifold M.. Then 
(i) if ho — 00, the set ^ is of p-parabolic type, 
(a) if ho < 00, the set ^ is of p-hyperbolic type. 

Proof. Choose < ti < t2 < ho such that K C Bh{ti). We need to 
estimate the p-capacity of the condenser {Bh{ti),M. \ Bh{t2); M.). We have 

(3.19) ca.pJBn{t,),M\Bn{t2y,M) 



where 

j= J \vh\p-^dirM^ 

is a quantity independent oi t > h{K) = sup{/i(m) : m e K}. Indeed, 
for the variational problem (2.2) we choose the function (po, (fioiiTi) — for 
m e Bh{ti), 

, . him) — ti „ / X X „ / V 

ipo{m) = \ \ \ m e Bh{t2) \ Bhiti) 

To — ti 
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and ipo{m) = 1 ioi m E M.\ Bh{t2)- Using the Kronrod-Federer formula [3, 
Theorem 3.2.22], we get 

capp{Bh{ti),M\Bh{t2);M) < j\V^o\''*^M 

M 



ti<h{m)<t2 

t2 



dt J \Vh{m)\P-^dni^\ 



Because the special exhaustion function satisfies the equation (2.13) and 
the boundary condition 0)2, one obtains for arbitrary ti,T2, h{K) < ti < 
T2 < ho 

I \vh\p-^dnii^ - I \vh\p-^dn%i^ ^ 



J \vhr'{vh,u)dn%,'- J \vhr\vh,u)dn%'^ 

J dwM{\^h\P-^Vh)*lM = 0- 



ti<h(m)<t2 

Thus we have established the inequality 

J 



capJBh{h),M\Bh{t2);M) < 



{t2-hy-' 



By the conditions, imposed on the special exhaustion function, the func- 
tion (po is an extremal in the variational problem (2.2). Such an extremal 
is unique and therefore the preceding inequality holds in fact with equality. 
This conclusion proves the equation (3.19). 

If ho — 00, then letting ^2 ^ 00 in (3.19) we conclude the parabolicity of 
the type of ^. Let ho < 00. Consider an exhaustion {Uk} and choose to > 
such that the /i-ball Bh(to) contains the compact set K. 



February 2, 2008 



15 




and hence 



\immfcapJUkoM;M) > J/ {ho - toY'' > 0, 



and the boundary set ^ is of p-hyperbohc type. □ 



4 Energy integral 

The fundamental resuh of this section is an estimate for the rate of growth 
of the energy integral of forms of the class WT^ on noncompact manifolds 
under various boundary conditions for the forms. As an application we get 
Phragmen-Lindclof type theorems for the forms of this class and we prove 
some generalizations of the classical theorem of Ahlfors concerning the num- 
ber of distinct asymptotic tracts of an entire function of finite order. 

4.1. Boundary conditions . Let Ai be an n-dimensional Rieman- 
nian manifold with nonempty boundary dAi . We will fix a closed differential 
form w, degw — k, l<k<n, wE Lf^^(M) of class WTi and the comple- 
mentary closed form 9, deg9 = n — k, 9 E Lf^^^Ai), satisfying the condition 
(1.2). We assume that there exists a differential form Z G M^pioc with con- 
tinuous coefficients for which dZ = w. 

Let h : Ai {0, ho) be an exhaustion function oi A4. As before we let 
B}i{t) be an /i-ball and E/i(t) an /i-sphere. 

4.2. Dirichlet condition with zero boundary values . We 

shall say that the form Z e W^^^^ ^ satisfies Dirichlet's condition with zero 
boundary values on dM. if for every differential form v e Ll^^{M.)^ degv — 
n — k, and for almost every r e (0, /iq) 



(4.3) 




Bh(r) 



with continuous coefficients and such that dZ = w 
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In particular, the form Z satisfies the boundary condition (4.3), if its 
coefficients are continuous and if its support does not intersect with dM., 
that is 

(4.4) supp Z n dM = 0, where supp Z = {m e M : Z{m) ^ 0}. 
If M. is compact then (4.3) takes the form 

(4.5) J w Av+ (-1)''-^ J Z Adv = 0. 
M M 



4.6. Neumann condition with zero boundeiry values . We shall 
say that a form Z satisfies Neumann's condition with zero boundary values, 
if for every differential form v e Wp i^^{M), degv — k — 1, and for almost 
every r e (0, ho) 

(4.7) J dvAe= J vAO. 

If A4 is compact then (4.7) takes the form 

(4.8) JdvA0^O. 

M 



4.9. Mixed zero boundary condition . We shall say that a 
form Z satisfies mixed zero boundary condition if for an arbitrary function 
4> e C^{M) and for almost every r e (0, Hq) we have 

(4.10) j Ae + (-1)"-^ j ZAOAdcf)^ j (t)Z AO. 

If M. is compact then (4.10) takes the form 

(4.11) j (t)w Ae + {-l)'^-^ j Z AO Ad(t)^Q. 

M M 
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We assume that the form 
(4.12) Z e C^(intM) n C\dM) 

has the property (4.3). On the basis of Stokes' formula (the standard Stokes 
formula with generalized derivatives) we conclude that for almost every r e 
(0,/io) 

J dZ Av + i-l)''-^ J ZAdv^ J ZAv 

Bhir) Bh{t) dBhir) 

holds. Therefore we get 



J Z Av = for aU V e W^^^^iM). 



5Bh(T)\Sh(T) 

This implies that the restriction of Z onto the boundary dAi is the zero 
form, i.e. 

(4.13) Z |9>i(m) =0 at every point m e dM. 

We next clarify the geometric meaning of the condition (4.13). We assume 
that m e dM. is a point where the boundary dM. has a tangent plane 
Tjn{dM) and that the form Z satisfies the regularity condition (4.12) in 
some neighborhood of the point m. 

4.14. Proposition. If a form Z is simple at a point m e M, then 
the condition (4.13) is fulfilled if and only if the form Z is of the form 

(4.15) Z A dxn, 

where cu is a form, deg cu — deg Z — 1. 

Proof. We give an orthonormal system of coordinates Xi, . . . ,Xn at the 
point m such that the hyperplane Tm{dM) is given by the equation Xn = 0. 
Let degZ — I. Because the form Z is simple, we can represent it as follows 



Z = (Ei=i ai^idxi + ai^ndxn) 



A... 



(4.16) / , X 

■ ■ ■ A {T.i=i ai,idxi + ai^ndxn ) , 



February 2, 2008 



18 



where aij = aij{m) are some constants. The condition (4.13) can now be 
rewritten as follows 



(J2 A ... A (J2 ai,idx^ = 0, 



i=l 1=1 

and we easily obtain (4.15). 

The proof of the converse implication is obvious. □ 

We next clarify the geometric meaning of the Neumann condition (4.7). 
We fix the forms 

Z,ve C'^{mtM)nC\dM). 
By Stokes' formula we have for almost every r e (0, ho) 

dBhir) Bh{T) Bh{t) 

Because the form 9 is closed, condition (4.7) gives 

j V AO^Q for all v G W^^^^ . 

Therefore 

(4.17) e\9M{m) = Q 
at every point m G dM.. 

Exactly in the same way we verify that the mixed zero boundary condition 
(4.10) is equivalent to the condition 

(4.18) Z Ae\9M{m) = Q 
at every point m G dAi. 

Consider the case of quasihnear equations (2.9). Let m G dM. be a regular 
point and let xi, . . . , x„ be local coordinates in a neighborhood of this point. 
We have 



^*j:7=iA{m,Vf{m))dxi 
(4.19) ^ Y:,i=i{-iy~^Ai{m, Vf{m))dxi A ... A dxi A ... A dx^. 
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We set Z = f. In the case (4.3) we choose v = (pO where 9 is an arbitrary 
locally Lipschitz function. We obtain 

Bhir) Bh{T) Sft(r) 

and further 

(4.20) j X:(</'/)x.A(m,V/)*l= j <Pfe, for all 0. 

This condition characterizes generahzed solutions of the equation (2.9) with 
zero Dirichlet boundary condition on dAi. 

On the other side, choosing in the case of the Neumann condition (4.7) for 
V sua arbitrary locally Lipschitz function we get for almost every r e (0, h) 

(4.21) I (V0,A(m,V/))*l= I <j>{A{m,Vf),u)dnXl' 

which characterizes generahzed solutions of the equation (2.9) with zero Neu- 
mann boundary conditions on dM.. 

It is easy to see that at every point of the boundary we have 

{—ly^^dxi A ... A dxi A ... A dxn \dM = cos(i/, Xi) dH^^, 

where (z/, Xj) is the angle between the inner normal vector u to dA4 and the 
direction Oxf, dli.^^ is the clement of surface area on A^.. 

Thus, at a regular boundary point, the condition (4.17) is equivalent to 
the requirement 

{A{m,Vf{m)),u)^0. 

Using (4.13) we see that the condition (4.10) is equivalent to the tradi- 
tional mixed boundary condition at regular boundary points. 

4.22. Mctximum principle for WT-forms . Let be a compact 
Riemannian manifold with nonempty boundary, dim = n, and let v G Lf^^,, 
degw = k, 1 < k < n, he a differential form of class WTi on A4. Let 9, 
deg 6' = n — A;, be a form complementary to the form w. 
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4.23. Theorem. Suppose that there exists a differential form Z G 
%Voc(-^); dZ = w onM. If either (4.5) or (4.8) holds, then e = OonM. 

Proof. We assume that (4.5) holds and set v — 9. Then (4.5) yields 

JwAe = 0. 

M 

Because 

= *-i(w A (-1)^("~^)^) 
= *~^(w A *{*9)) = {w, *9), 

we get 

j wA9^ j *{wA9)*1^ j{w,*9)*l. 

MM M 

Using (1.3) we deduce 

(4.24) = J w A9>iyo J \9\'^ *1. 

M M 

We assume that the boundary condition (4.8) holds. Choose v — Z. Then 
(4.8) gives 

JwA9 = 0. 
M 

As above, we arrive at the inequality (4.24). This inequality implies that 
^ = on Al. □ 

In order to illustrate Theorem 4.23 we consider the example of generalized 
solutions / e l^p,ioc(-^) of equation (2.9) under the condition 

(4.25) uo\A{m,0\''<{tA{m,0) 

for all ^ G Tm{A4) with the constants p > 1 and uq > 0. 
Setting Z = f we get 
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4.26. Corollary. Suppose that the manifold M. is compact and the 
boundary dAi is not empty. If the function f satisfies the condition (4.20) 
or (4.21), then f = const on M. 



5 Estimates for energy integral. Applications 

This Chapter is devoted to Phragmen-Lindelof and Ahlfors theorems for 
differential forms. 

5.1. Bcisic theorem . Let Al be a noncompact Riemannian mani- 
fold, dim = n. We consider a class JF of differential forms Z G W^p^ioc(A^), 
degZ = k — 1, such that the form dZ = w satisfies the conditions (1.1) and 
is in the class W7^. Let 9 G Ll^^ be a form satisfying the condition (1.2), 
complementary to w. 

If the boundary dA4 is nonempty then we shall assume that the form Z 
satisfies on dAi some boundary condition B. In the case considered below 
such a boundary condition can be any of the conditions (4.3), (4.4), (4.7), 
(4.10). We shaU denote by Tb{M) the set of forms Z, dZ G W7^, satisfying 
the boundary condition B an. M.. In particular, below we shall operate 
with the classes J^d-i ^o, -^at, and J-dn forms corresponding to the boundary 
conditions (4.3), (4.4), (4.7), (4.10), respectively. 

Wc fix a locally Lipschitz exhaustion function h : M. ^ Hq), < < 
oo. Let r G (0, ho) and let Bh^r) be an /i-ball, and S/i(t) its boundary sphere 
as before. 

We introduce a characteristic £(t) setting 




(5.2) 



e{T]TB) = inf 




<n—l 
■M 



where the infimum is taken over all Z G JFb(AI), Z ^ 
Some estimates of (5.2) are given in [8] and [12]. 
Under these circumstances we have 
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5.3. Theorem. Suppose that the form Z G J^b{M.) satisfies one of the 
boundary condition (4.3), (4.7), or (4.10). Then for almost all r G (0, /iq) 
and for an arbitrary tq the following relation holds 

(5.4) _(/(r)exp{-i/i j e{t;J^B)dt}) > 0, 

TO 

where 

Bhir) 

In particular, for all Ti < T2 we have 

(5.5) I{ti) < /(T2) exp{-t/i j e{t) dt}. 

Tl 

Proof. The Kronrod-Federer formula yields 

T 

(5.6) /(r) = J dt J 



S^(r) 



n-1 

Vh\ 



\w 



and, in particular, the function /(r) is absolutely continuous on closed inter- 
vals of (0, ho). Now it is enough to prove the inequality 

(5.7) j-I{T)>u,I{T)e{T). 



From (5.6) we have for almost every r G (0, /iq 
(5.8) lnr) ^ J 



d ^, ^ f , .p dTi.^ ^ 
Nh\ ' 



By (1.4) we obtain 



7(t) = J \w\P*l<Ui^ J {w,*e)* 

Bhir) Bhir) 



Bhir) Bhir) 
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However, the form Z is weakly closed and satisfies one of the conditions (4.3), 
(4.4), or (4.7). Therefore for a.e. r G (0, /iq), 

J dZAe^ J ZAe. 

Bhir) Shir) 

Thus we get 

i{r) < i^T' I {z, *e) dU^K 

Further from (5.2) it follows that 

/ \w/^>e{T-J^B)\ I {Z,*9)dnX,' 

Combining the above inequalities we obtain 



£(r;^s) 7 I I \Vh\ 



This inequality together with the equality (5.8) yields 

We thus obtain the desired conclusion (5.7). □ 

We shall need also some other estimates of the energy integral. We now 
prove the first of these inequalities. Denote by T[Bh{T)) the set of all differ- 
ential forms 

(5.9) Zo e C'(S^(t)), degZo = A;-l, dZo = 0, 

such that for almost every r e (0, ho) and for an arbitrary Lipschitz function 
(f) the following formula holds 

(5.10) / (pZoA9^ [ d(j)AZoA9. 
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5.11. Theorem. If the differential form Z e Tb{M), dZ e WT2, 
satisfies the boundary condition (4.3), (4.7), or (4.10), then for all ti < T2 < 
ho and for an arbitrary form Zq e !F{B}^{t2)) the following relation holds 

(5.12) ui [ \dZ\P*l<^ — / |V/i||(Z-Zo) A^l *1. 

J T2 — Ti J 

Bhiri) Bf,(T2)\B^{Ti) 

Proof. We consider the fiinction 



0(m) = < 



1 for m e Bhin), 

T2 - Ti 

ior m e M\Bh{T2). 



Suppose that the form Z satisfies the condition (4.3). Setting in (4.3) v — 
{(j)yz AO we get 

{(Pfw A 9 + {-1)''-^ J Z Adicpy A9 = 0, 

Bh{T2) Bh{T2) 

or 

j {(PY{w,*9) ^i^i-i^p j {(py-^z Ad(f)A9. 

The function {(py is locaUy Lipschitz on Bh{T2) and 0|sh(r2) — 0. Thus 
by (5.10) we get 



J d(lfAZoA9= J d{(j)yAZoA9+ 

.{t2) Bh(T2) 

- j {(f)ydZoA9+ J {(f)yzoAd9^ 

Bh{r2) Bh{T2) 

J {(pyzoA9^o. 



Sh(r2) 

Hence we arrive at the relation 



J {<py{w,*9) *i = {-ifp J {<py-\z-Zo)Ad4>A9, 



Bh{T2) Bh{T2) 
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which by (1.4) yields 

(5.13)1/1 / {(l)y\w\P*l<^^ [ {(f)y-^\{Z - Zo) A9\\Vh\*l. 

J T2 — Ti J 

Observing that 0(m) = 1 for m e -B/j(ti) and 0(m) — ior m e A4\ 
Bh{T2) we obtain 

i/i / \w\P*l<^^ [ {(l)y-^\Vh\\{Z - Zo) A9\*1. 

Because \(f)\ < 1, the inequahty (5.12) follows. 

Let the form Z satisfy the condition (4.7). We choose v — {(f)yz and 
observe that 

Then we get 

J {(PfwAe^- J d{(t)Y AZ Ae^{-ifp j {(t)Y~^z Ad(t)A9. 

Bh{r2) Bh{T2) Bh{T2) 

Further details of the proof in this case are similar to those carried out above. 

Wc assume that the form Z satisfies the mixed boundary condition (4.10). 
Observing that 

i4>rknir2) = 0, 

we get 

J {(PYwAe^i-iY J z AO Ad{(j)Y ^ {-ly-^ p j {(py-^ZAdcpAe. 

Bh{T2) Bh{T2) Bh{T2) 

Arguing as above we complete the proof of the theorem. □ 

There is also an estimate for the energy integral which does not use the 
complementary form 6 of dZ = w. Such an estimate is given in the next 
theorem. 

5.14. Theorem. If the form Z, dZ G W7^(7V1), satisfies on dM one of 
the boundary conditions (4.3), (4.7), or (4.10), then for all < ti < T2 < ho 
and for an arbitrary form Zq e T{Bh{T2)) we have 

(5.15) [ \dZ\P*l<( . ^""^ Y f \Vh\P\Z - Zo\P*l. 

J ^[T2 — Tijl'i'' J 

Bh{ri) Bn{T2)\Bn{Ti) 



February 2, 2008 



26 



Proof. We use the earlier established relation (5.13). We estimate the 
integral on the right hand side of (5.13). By (1.5) we get 

J{(j)f-^\wh\\{z-Zo)Ae*i < J{(f)f-^\wh\\z - Zo\\e\*i 

M M 

< V2 j W'^\^h\\Z - Zq\\w\p-^ * 1 

M 

<^2{J \Vhf\Z - Zof *iy^''[J l)^''"'^^". 

M M 

Prom (5.13) we get 

M M 

Using the facts that = 1 on S/j(ti) and = on \ Bh{T2) we easily 
verify come to (5.15). □ 



5.16. Phragmen Lindelof theorem. Let be an n-dimensional 
noncompact Ricmannian manifold with or without boundary and let w G 
WT^ be a differential form as in (1.1), degw = k, and 9 its complementary 
form as in (1.2). 

We assume that there exists a differential form Z G VTp^io^, with dZ = w. 
If the boundary dAi is nonempty, then we shall assume that Z satisfies 
the boundary condition of Dirichlet (4.3), Neumann's condition (4.7), or the 
condition (4.10). 

We fix a locally Lipschitz exhaustion function /i : — > (0, /iq), < /iq < 
oo. Let, as above 

I{t;Z)= J \dZ\P *1 

Bh{r) 

and let 

/x(r;Z)=inf / |V/i| |(Z - Zq) A ^| * 1, 

r</i{m)<r+l 

m(T;Z) = inf j | V/i|^' |Z - Zo|^ * 1, 

T<h{rn)<T+\ 
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where the infimum is taken over all closed forms Zq, satisfying conditions 
(5.9), (5.10) on Bh{T). 

The following theorem exhibits a generalization of the classical Phragmen- 
Lindelof principle for holomorphic functions. 

5.17. Theorem. Suppose that the form Z, dZ G WT2{A4), satisfies 
one of the boundary conditions (4.3), (4.7) or (4.10). The following alter- 
natives hold: either the form dZ — a.e. on the manifold Ai, or for all 
To e (0, ho) we have 

T 

(5.18) liminf /(r;Z) exp|-i/i [ e{t]J^B)dt} > 0; 

T-*ho J ' 

To 
T 

(5.19) liminf //(t;Z) exp|-z/i / £{t;J^B) dt} > 0, 

T-*ho '■J ^ 

To 

T 

(5.20) liminf m(r; Z) exp|-i/i [ e{t;J^B) dt} > 0. 

T-*ho ''J ' 

TO 

Proof. The property (5.18) follows readily from (5.5) and is presented 
here only for the sake of completeness. 

By (5.5) and (5.12), for a.e. r e (to,/io) we have 

T 

I{ro) < I{t) ex-p{-uij e{t) dt} < 

To 

T 

<pu^^ J |V/i| l(Z-Zo) A^l *1 exp[-ui J s{t)dt}. 

Bh(r+l)\Sh(T) TO 

Therefore we get 

T 

I{ro) <pi/fV(T;^) exp|-z/i J s{t)dt}. 

TO 

Analogously, using (5.15) we get 

T 

/(to) < (^)Vm(r;Z) exp{-i/i Je{t)dt}. 

TO 
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If we now assume that the form w ^ 0, then /(tq) > for some Tq G 
(0, /lo)- From this there easily follow (5.19) and (5.20). □ 

5.21. Integral of energy and allocation of finite forms . There is 
another application of the above estimates of energy integrals connected with 
a generalization of the classical Denjoy-Carleman-Ahlfors theorem about the 
number of different asymptotic tracts of an entire function of a given order. 
In the present case this theorem can be interpreted as a statement concerning 
the connection between the number of finite forms in the class W7^ defined 
on the manifold M. and the rate of growth of their energy integrals. 

Let Ai be an n-dimensional noncompact Riemannian manifold with or 
without boundary. We fix a locally Lipschitz exhaustion function h : A4 ^ 
(0, ho), < /lo < oo, of the manifold A4. 

We assume that there are L >1 mutually disjoint domains Ci, C2, ■ ■ ■ , C'l 
on M. such that Oi fl dAi = if the boundary dJ^ is nonempty. We also 
assume that on each domain Oi is given a differential form Zi with continuous 
coefficients and the properties: 

deg Zi = k — 1, dZ ^ 0, 

dZi = w E W7^ with structure constants p, 1/1,1/2, independent of i = 
1,2,. ..,L, 

Zi satisfies on dOi the zero boundary condition (4.4). 

We define a form Z on At by setting = Zi and Z = on M\Ui^iOi. 

According to Theorem 4.23 each of the domains Oi has a noncompact 
closure. Then by Theorem 5.17 the "narrower" the intersection of the do- 
mains Oi with /i-spheres E/i(t) for t — > 00, the higher is the rate of growth of 
the form Z. Below we shall consider the Denjoy-Carleman-Ahlfors theorem 
as a statement on the connection between the number L of mutually disjoint 
domains Oi on A^o and the rate of growth of the energy of the form Z (or of 
the form Z itself) with respect to an exhaustion function h^m) of the mani- 
fold Ai. We shall prove that such a formulation of the problem contains, in 
particular, the classical Denjoy-Carleman-Ahlfors problem for holomorphic 
functions of the complex plane. In the case of harmonic functions of R" see 
[5] for the history of the problem. 

We next introduce some necessary notation. We consider an open subset 
D d M. with a noncompact closure and we assume that the restriction of 
the form Z to D satisfies condition (4.4). 
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The function : D ^ {0, oo) is an exhaustion function of D. We fix an 
/i-ball Bh^r). Considering the variational problem (5.2) for the class of forms 
Z, satisfying the boundary condition (4.4) on we define the characteristic 

e{t;D) = e{t;J^o) 

where jFg is defined in 5.1 and in (4.3). 
Following [13] we introduce the A'^-mean 

1 ^ 

(5.22) E{t;N) = mi-Y.<t-^Dk) 

k=l 

where the infimum is taken over all decompositions of D into N noninter- 
secting open sets Di, D2, . . . , with noncompact closures. 
We record the following simple result. 

5.23. Lemma. Let Di C D2 be arbitrary open subsets of Ai with 
noncompact closures. Then 

(5.24) s{t; D2) < e{t; D^) 
and 

(5.25) e{t;M) <E{t;N), N > 1. 

Proof. It is enough to observe that each pair of forms Z, Zq admissible 
for the variational problem (5.2) for the set Di is also admissible for this 
problem for the set 

From (5.24) we get (5.25). □ 

We next derive a more general assertion about the monotonicity of N- 
means. 

5.26. Lemma. For arbitrary N > 1 we have 

(5.27) E{t;N + l)>E{t;N). 

Proof. We consider an arbitrary family of open subsets {-Dfe}, k — 
1,2, . . . , N + 1, admissible for the infimum in (5.22). It is not difficult to see 
that 

1 Af+l 1 iV+1 1 A^+l 
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Because 



we see that 



1 N+l 

e{t;Dk)>E{t;N), 



N 



j=l,j^k 



N+l 



j;^E<t-^D,)>E{t;N) 

and the lemma is proved. □ 

The next theorem provides a solution to the aforementioned problem 
concerning the connection between the number L of finite forms on Ai, and 
the rate of growth of the total energy of these forms or the sum of their 
iZ-norms on an /i-ball -B/i(t). 

5.28. Theorem. Suppose that the manifold M. satisfies the properties 
hsted in the beginning of this subsection and that for some N — 1,2,... 



(5.29) J E{t,N)dt = oo. 

If the differential form Z, dZ e is such that 

(5.30) lim inf J \dZ\P * 1 exp | -ui J E{t; N) dt \ ^ 0, 



/i(m)<T 



TO 



or 



(5.31 ) liminf / \Vh\ |Z A ^| * 1 exp J -z/i / E{t; N)dt 

T',T"^hQ J J 

0<r'<r"</to T'<h{m)<T" 



TO 



= 0, 



or 



T 

(5.32) liminf / \Vh\P\Z\P * 1 exp J -z/i / E{t; N)dt 



o<T'<T"<ho T'<h{m)<T" 

then L < N. 



TO 



= 0, 



February 2, 2008 



31 



Proof. We assume that there exists mutually nonintersecting domains 
Oi, O2, . . . , On on the set A4o and the forms Zi defined on Oi with above 
properties. We denote by 

d{Ok) = inf h{m), d = max d{Ok)- 

m&Oh l<k<N 

Fix To > d. Using the inequality (5.5) from Theorem 5.3 for an arbitrary 
k — 1,2, . . . ,N and a.e. < Tq < r' < /iq we have 



/fe(To) exp < 



vi / ek{t)dt 



To 



< h{T'), 



where 

Adding these inequalities, we get 



^min^4(ro) ^^P \ I'l j £k{t) 
fc=i 



dt 



where 



/(t')= j \dZY^\. 

Bhir') 



Applying the arithmetic-geometric mean inequality 



1 ^ 



T 

j £k{t) dt 



TO 



N 



> > exp < 

k=l 



N 



£k{t) dt 



TO 



we get 



min 7i.(To)A^exp < 



N 



7 1 ^ 

■ h^i:^kit)dt\<i{T'). 

TO ^==1 J 



The domains Oi, O2, ■ ■ ■ , On are nonintersecting. Therefore for all Tq < 
t < ho we have 



1 



N 
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The preceding inequality gives now 



^min^/fe(To)A^exp { vi 



T 

j E{t] N)dt 



TO 



For the estimation of the integral I{t') we use the inequalities (5.12) and 
(5.15) and obtain 

^min^ 4(to) < Ci j \Vh\\Z Ae\*l exp < -v^ j E{t; N)dt 



T'<h(m)<T" 



To 



or 



mm 

l<fc<7V 



in 4(to) < C2 / \Vh\P\Z\P * 1 exp J -ui [ E{t; N)dt 

<N J J 



T'<h{m)<T" 



TO 



where 



P 



7n 



P^2 



On the basis of the conditions (5.29)-(5.32) imposed on the form Z, for 
some k, 1 < k < N, we have Ikijo) = 0. Thus dZk{m) = on (9^ fl Bhijo). 
Because we have chosen tq > d arbitrarily, we can conclude that at least on 
one of the components Ok, dZk = 0. Contradiction. □ 
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